We consider a class of foliations on the complex projective plane that are determined by a quadratic vector field in a fixed affine neighborhood. Such foliations, as a rule, have an invariant line at infinity. Two foliations with singularities on CP 2 are topologically equivalent provided that there exists a homeomorphism of the projective plane onto itself that preserves orientation both on the leaves and in CP 2 and brings the leaves of the first foliation to that of the second one. We prove that a generic foliation of this class may be topologically equivalent to but a finite number of foliations of the same class, modulo affine equivalence. This property is called total rigidity. Recent result of Lins Neto implies that the finite number above does not exceed 240. This is the first of the two closely related papers. It deals with the rigidity properties of quadratic foliations, whilst the second one studies the foliations of higher degree.
Introduction

Total rigidity
Total rigidity is a property opposite to structural stability. It is a formalization of the following paradigm. For generic polynomial foliations in CP d , topological equivalence implies affine equivalence. This is a heuristic principle rather than a theorem. In the above form it is proved only for linear vector fields of strict Siegel type whose normal form has a non-trivial Jordan cell [11] . A polynomial vector field in C d may be extended to a holomorphic line field in CP d ; generically, the extended field has but a finite number of singular points. We will refer to it as a polynomial foliation in CP d , and denote by A n,d the class of all such foliations.
Definition 1 A polynomial foliation of class A n,d is totally rigid provided that there exists but a finite number of foliations of this class (up to affine equivalence) that are topologically equivalent to the foliation considered.
In what follows, d = 2, so we write A n instead of A n,2 .
Main results
Theorem 1 A generic foliation of class A 2 , i.e. quadratic foliation on CP 2 , is totally rigid.
The first (computer assisted) proof of this theorem was obtained by the second author [8] . Here we present a purely analytic proof of a slightly stronger result.
Theorem 2 Generic quadratic vector field is topologically equivalent to no more than 240 quadratic vector fields, modulo affine equivalence.
An earlier estimate given in [8] is 14 · 26 4 . In subsection 2.2, we state even a stronger result, Theorem 6. It is proved together with Theorem 2. The sketch of the proof follows.
A generic foliation of class A n has n + 1 singular points at infinity, O 1 , . . . , O n+1 , and n 2 singular points in
. For a singular point O of a foliation let λ, µ be the eigenvalues of the linearization of the corresponding vector field at O. These eigenvalues are defined up to a common factor. Let 
Theorem 3
The characteristic numbers (equivalently, the Baum-Bott indexes) are topological invariants for generic polynomial foliations of degree n ≥ 2 in the projective plane.
This theorem is proved in Section 2. The genericity assumptions are specified below, in subsection 2.1.
Let v be a polynomial vector field of degree n,
be the tuple of the Baum-Bott indexes for its singular points; recall that N = n 2 + n + 1. Affine equivalent vector fields as well as those that differ by a constant factor, have the same Baum-Bott indexes at the corresponding singular points. Hence, the map v → (ν(O 1 ), . . . , ν(O N )) may be descended to a map
This map is called the moduli map, see [8] , and its image is denoted by M n . In [6] , the moduli map is called the Baum-Bott map. We preserve the term introduced in [8] , in order to emphasize the relation of the map µ with the moduli of topological classification of foliations.
Theorem 4
The moduli map is algebraic. For generic quadratic vector field v, the derivative of the moduli map at v has the full rank.
This theorem was proved in [8] by a computer assisted calculation. At the same time, it follows from the result proved analytically in [3] . In Section 3 we present a shorter analytic proof, yet based on the idea suggested in [3] . Lins Neto [6] considered a moduli map of a larger space, namely, of a space on foliations on CP 2 that have 2 tangent points with generic lines, and not necessarily have the invariant line at infinity.
The classÃ 2 is a subset of this space. Lins Neto proved that the degree of the moduli map on this larger space is exactly 240. Hence, the degree of the restriction of this map toÃ 2 is no greater than 240. Therefore, Theorems 3 and 4 imply Theorem 1 and Theorem 2. Indeed, the moduli map is algebraic and of full rank at generic points. Hence, the critical locus of the moduli map is a proper algebraic submanifold. It may contain an algebraic subset Σ that is blown down by the moduli map. This means that for any F ∈ Σ, µ −1 (µ(F (0)) is an algebraic subset of positive dimension, which is squeezed to a point by µ. Any point F fromÃ 2 \ Σ has no more than 240 points in the set µ −1 (µ(F (0)). If, in addition, F satisfies the genericity assumptions of Subsection 2.1, then F is totally rigid and topologically equivalent to no more than 240 pairwise affine non-equivalent foliations.
2 Topological invariance of Baum-Bott indexes for generic foliations
In this and the next section we prove an improved version of Theorem 3, Theorem 6 below, and provide the genericity assumptions.
Genericity assumptions
Consider a foliation F ∈ A n such that -it has exactly n + 1 singular points at infinity and n 2 singular points in the fixed affine neighborhood C 2 ; -the monodromy group at infinity is non-solvable; -all the leaves are dense. Let us check than these are genericity assumptions indeed. The genericity of assumption on the singular points follows from the Bezout Theorem. The fact that generic polynomial vector fields of degree n ≥ 2 have non-solvable monodromy at infinity was proved by several authors [13] , [7] , see also [14] . For quadratic vector fields a much stronger result is known.
Theorem 5 (Pyartli, [12] ) For any λ = (λ 1 , λ 2 , λ 3 ), λ 1 + λ 2 + λ 3 = 1 denote by B λ the set of all quadratic vector fields with the characteristic numbers λ 1 , λ 2 , λ 3 of the singular points at infinity. Let all the λ j be non-real. Then any set B λ contains no more than seven classes of affine equivalence whose points correspond to foliations with solvable monodromy group at infinity.
For future use, denote the representatives of these 7 classes of affine equivalence by A j (λ), j = 1, . . . , 7.
Pyartli theorem stated in [12] , Theorem 2, is stronger than Theorem 5. Namely, the numbers λ j may be real, but the following restrictions hold. If
. But this improvement of Pyartli theorem does not improve our result, because density property requires that the numbers λ j are non-real.
Density of leaves requires non-solvable monodromy at infinity plus hypebolicity of singular points at infinity [13] , [9] , [14] . The genericity of the first property was already discussed. The second one determines real Zariski open set.
Improvement of the main result
We can now include genericity assumptions stated above in Theorem 2. This gives us the following result.
Theorem 6 For any tuple λ = λ 1 , λ 2 , λ 3 , λ 1 + λ 2 + λ 3 = 1, Im λ j = 0, in any set B λ of quadratic vector fields with the tuple of eigenvalues of singular points at infinity equal to λ, there exists a Zarisski open subset T λ ⊂ B λ such that any foliation F ∈ T λ is topologically equivalent to no more than 240 foliations of class A 2 , modulo affine equivalence. The difference B λ \ T λ equals to (∪ 7 1 A j (λ)) ∪ Σ λ , where Σ λ is the set of all points in B λ that belong to a subset, which is blown down by the moduli map.
This theorem follows from Theorem 4 proved in Section 3, and Theorem 7, improved version of Theorem 3. The latter theorem is proved in this section.
As noticed in [6] , the moduli map blows down the family of quadratic Darboux foliations with the first integral of the form (xy+x+y)(x − ky) α = c. In this family α is fixed, and k ∈ C is a parameter.
Invariance Theorem
Theorem 7 Suppose that foliation F ∈ A n satisfies genericity assumptions of subsection 2.1. Then its Baum-Bott indexes are topological invariants in the following sense. Let G ∈ A n be topologically equivalent to F . The conjugacy induces a bijection h : sing F → sing G. Then for all
Proof
Step 1. Conjugacy of monodromy maps. Let F and G be conjugated by a homeomorphism H. Then H topologically conjugates their monodromy groups at infinity, denoted by G F and G G , see [5] Proposition 28.2. In more details, for any set f 1 , . . . , f n of generators of G F there exists a set of generators g 1 , . . . , g n of G G and a germ of a homeomorphism h : (C, 0) → (C, 0) such that
Theorem 8 ( [13] , [9] ) If two finitely generated non-solvable groups of germs (C, 0) → (C, 0) are topologically conjugated by an orientating preserving homeomorphism, then this homeomorphism is in fact holomorphic.
Step 2. Induced maps of cross-sections and transversal holomorphy. Arguments of step 2 and 3 are very close to those of [5] , Lemma 28, 24. Yet we can not literally refer to the lemma, so we present the arguments here.
Suppose that two foliations F and G are topologically equivalent. Then for any point p and any two germs of cross-sections: Γ at p, Γ ′ at p ′ = H(p), Γ and Γ ′ being transversal to the leaves of the foliations F and G respectively, there exists an induced germ of the homeomorphism
defined in the following way. Consider two flow boxes: of the foliation F near p and of the foliation G near p ′ . The local leaves in these flow boxes are in one to one correspondence with subdomains of Γ and Γ ′ respectively. The homeomorphism H sends the leaves of the first flow box to those of another one. This induces the homeomorphism (2) .
Note that germ h that conjugates the monodromy groups in (1) is induced in a sense of the previous paragraph.
The induced germs respect the holonomy. namely, let γ be a nontrivial loop with the endpoint p on a leaf of F , and ∆ γ,F : (Γ, p) → (Γ, p) be the germ of its holonomy transformation. Let γ ′ = Hγ, and ∆ γ ′ ,G : (Γ ′ , p ′ ) → (Γ ′ , p ′ ) be the corresponding holonomy. Let h be the induced germ from (2). Then
Definition 2 A homeomorphism H that conjugates two foliations is called transversally holomorphic, if all the induced germs (2) are holomorphic. It is called transversally holomorphic at p, if the germ h in (2) is holomorphic.
Step 3. Extending transversal holomorphy. Theorem 8 implies that the homeomorphism H is transversally holomorphic near non-singular points of the infinity leaf. Density of leaves allows us to extend the transversal holomorphy to all the non-singular points of F . We will use the following obvious remark. If a homeomorphism is transversally holomorphic at all points of one cross-section of a flow box, then it is transversally holomorphic at all points of this flow box. Now let us extend the transversal holomorphy of H to all the non-singular points of F . Take any such point q and a curve γ on the leaf passing through q that connects q with some point p ∈ Γ, where Γ is a cross-section to the infinite leaf of F , on which the relation (1) holds. Recall that h in (1) is a conformal map induced by H. We may assume that γ is non-self intersecting. In the opposite case we delete from γ all the loops produced by self intersections. Then there exists a neighborhood of γ on the leaf of F which is biholomorphic equivalent to a disk. This neighborhood may be included in a flow box, for which one of the cross-sections belongs to Γ. This allows us to conclude that H is transversally holomorphic at q. Hence, H is transversally holomorphic everywhere.
Step 4 
Proposition 1 ([4]
, [10] ) Suppose that two planar foliations in a neighborhood of a non-degenerate singular point are topologically equivalent, and the corresponding holonomy maps are analytically conjugate. Then the characteristic numbers of these singular points coincide.
Together with the previous arguments, this proposition implies the theorem.
Remark 1 Note that all hyperbolic singular points of planar foliations are topologically equivalent.
In particular, two singular points whose characteristic numbers differ by a nonzero integer are topologically equivalent. Proposition 1 claims that this equivalence can not be transversally holomorphic.
Moduli map for quadratic vector fields
In this section we will check that the dimensions of the factorized space of quadratic vector fields and the moduli space are both equal 5. We will prove that there exists at least one point where the moduli map has the full rank. This will imply Theorem 4.
Counting dimensions
The space of all quadratic polynomial in the plane has dimension 6. Hence, the space of all planar quadratic vector fields equals 12. The affine group action on the phase space induced a transformation on the space of quadratic vector fields. Moreover, multiplication of a vector field by a nonzero number preserves the foliation. The affine group has dimension 6. Hence,
This is the "effective" dimension of the space of quadratic vector fields. Denote byÃ 2 the factor-space above:
Any class of vector fields fromÃ 2 with at least three singular points in C 2 has a regular representative with singular points (0, 0), (2, 0), (0, 2). The moduli space for quadratic vector fields belongs to C 7 . Yet it is subject to at least two relations. The Baum-Bott equality [1] for quadratic vector fields in CP 2 implies:
On the other hand, for the singular points at infinity
Here µ j are eigenvalues that correspond to eigenvectors tangent to the line at infinity. This equality is usually called Camacho-Sad [2] . So, the dimension of the image of the moduli map is no more than 5. We will prove that at a special point the moduli map has rank 5 indeed. As mentioned before, this will imply Theorem 4.
Counting the rank
In this subsection we will prove Theorem 4. Proof The idea of the proof goes back to [3] . In fact, Theorem 4 was proved in [3] , but not explicitly stated. Our proof is shorter and more explicit.
Suppose that, contrary to the statement of Theorem 4, rank of the moduli maps drops everywhere. Then the fibers of this map are analytic sets of dimension at least one. Take such a fiber passing through a special vector field v 0 chosen below. By the curve selection lemma, there exists an analytic curve γ = {v ε |ε ∈ (C, 0)} such that M(v ε ) ≡ M(v 0 ), v ε ≡ v 0 . Note that the Baum-Bott indexes for all the fields v ε are the same.
Take a quadratic vector field v 0 having three invariant lines. It is affine equivalent to a field with invariant lines x = 0, y = 0, x + y = 1. Without loss of generality, we may assume that all the vector fields v ε have singular points (0, 0), (0, 1), (1, 0) . This may be achieved by an affine transformation. Proof The invariance of the line l passing through two singular points of a quadratic vector field v is established like follows. Take any nonsingular point p ∈ l. The line l is invariant for v iff v(p) ∈ T p l. Hence, the set of quadratic vector fields with the singular points (0, 0), (1, 0), (0, 1) for which the line l = {y = 0} is invariant has codimension one. Denote this set by IL, for invariant line.
The line y = 0 contains a third singular point of the extended foliation v 0 at infinity. On the other hand, let U ⊂Ã 2 be a small neighborhood of v 0 , O 4 = (0, 0), O 5 = (1, 0), and O 1 be an infinite singular point of the vector field v ∈ U, close to the infinite singular point of v 0 that belongs to l. Then the set of vector fields v ∈ U such that
has codimension 1. Here µ j are eigenvalues that correspond to eigenvectors tangent to l. Denote this set by CS, for Camacho and Sad. Now, invariance of the line l for v implies (7). Hence, CS ⊃ IL. But both algebraic sets have codimension one. It is easy to see that both sets CS and IL are irreducible near v 0 . Hence, CS ∩U = IL ∩ U. By assumption, γ ⊂ CS. Hence, γ ⊂ IL. Therefore, the line l is invariant for all the fields v ε . The same argument shows that the other two lines x = 0, x + y = 1 are invariant for v ε for all ε.
It is well known that a quadratic vector field having three invariant lines has a multivalued Darboux first integral. For v ε it is
Dividing all the exponents by a non-vanishing one preserves the first integral. Hence, we may assume that c(ε) = 1. Then a(ε) and b(ε) are the characteristic numbers at the points (1, 0) and (0, 1). By assumption, they do not depend on ε. Hence, the Darboux integral above does not depend on ε, and the foliations determined by the vector fields v ε coincide, a contradiction.
This implies Theorem 4. Together with Theorem 7, and the quoted result of Lins Neto , see Subsection 1.2, this implies our main result, Theorem 2.
Open problem: total rigidity for higher degrees
Theorem 3 holds for polynomial foliations of arbitrary degree. Yet the target of the moduli map M n has the same dimension asÃ n = A n /AffC 2 × C * for n = 2, and smaller dimension for larger n. Indeed, dimÃ n = (n + 1)(n + 2) − 7, dimM n ≤ n 2 + n − 1.
The difference is dimÃ n − dimM n = 2n − 4.
It is 0 for n = 2 only. For larger n the arguments above fail. Yet the moduli space may be extended. Indeed, topological equivalence of generic foliations implies analytic equivalence of the corresponding monodromy groups. We used a very weak corollary of this equivalence, namely, the coincidence of the linear terms of the monodromy only. Equivalence relations on higher jets imply relations on the higher Taylor coefficients of the monodromy maps. It may be shown that the equivalence relations on the quadratic and cubic terms generate extra 2n − 3 moduli, thus compensating the gap (8) . This generates extended moduli mapμ.
Problem 1 Is it correct that the extended moduli map has full rank at a generic point?
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